Abstract. A mathematical model of the human eye based on the bioheat transfer equation is developed. The intraocular temperature distribution is calculated using the Galerkin finite element method. A difficulty associated with the development of an accurate model of the human eye is the lack of reliable biological data available on the constants and parameters that are used in the model. These parameters include the thermal conductivities of the ocular tissues, the heat loss from the anterior corneal surface to the surroundings by convection and evaporation, and the convective heat loss from the sclera to the body core. The different values for the parameters reported in the ophthalmic literature are employed in the model, and the sensitivity of the temperature distribution to uncertainties in the parameters is investigated. A set of control parameter values is suggested for the normal human eye. The effect of the ambient temperature and the body-core temperature on the temperature distribution in the human eye is considered.
Introduction
This paper presents a mathematical model of heat transport in the human eye. This work forms part of a project to calculate the temperature rises in the human eye induced by exposure to infrared radiation. In the late nineteenth and early twentieth centuries there were reports of an increased incidence of cataracts among workers in the glass industry who were exposed to levels of infrared radiation exceeding environmental levels for prolonged periods (Meyhofer 1886 , Robinson 1903 , 1907 , Legge 1907 . Differing theories have been forwarded for the aetiology of 'glass-blowers' cataracts' (Vogt 1932 , Verhoeff and Bell 1915 , Goldmann 1933a . Whether cataracts result from a thermal effect, as widely believed, or from less well defined abiotic effects, is still not entirely clear.
Nor is it clear whether infrared cataracts result from the absorption of the infrared radiation directly in the lens or in the iris, or by a combination of both. The recent research by Pitts and Cullen (1981) supports the hypothesis of Goldmann that cataracts result from infrared radiation being absorbed by the iris and the indirect transmittance of heat to the lens. Nevertheless, the controversy over the mechanisms which cause infrared cataracts remains a viable subject of debate (see, for example, Waxler and Hitchins 1986, Wolbarsht 1982) .
In considering safety standards for the exposure of workers to infrared radiation it is important to be able to calculate temperature rises experienced in the human eye when exposed to infrared radiation. As a first step in that direction the temperature distribution in the normal unexposed human eye must be determined. This paper reports the results of employing a finite element model to calculate the temperature distribution in the unexposed eye; the calculation of temperature rises in the eye induced by exposure to infrared radiation will be reported in the following paper (Scott 1988) .
Models of heat transport in the eye have previously been presented in the literature.
These models are briefly reviewed and assessed in 0 2. Since all models of the eye are quantitative approximations of a complex physical system, appropriate values for the constants and parameters used in the models must be supplied.
In all mathematical models of biological systems, finding appropriate parameter values presents a problem, and this becomes particularly important when the model is used for different subjects and different physiological and environmental conditions. Existing models tend to claim good agreement with an individual set of experimental data, which is generally for rabbit eyes, since direct experimentation with human eyes is not possible. Previous investigators have derived parameter values by fitting their measured temperature distributions for rabbit eyes to their calculated temperatures (Lagendijk 1982) ; this will necessarily result in the computed results for rabbits agreeing closely with the presented experimental data. The lack of detailed experimental data for human eyes makes it difficult to validate any model of the human eye.
In this study the importance of the discrepancies that exist in the parameters required in the model of the human eye is investigated by means of a sensitivity analysis. This highlights some of the parameters which must be known accurately before the temperatures calculated using the model can be considered reliable. The effects of different ambient temperatures and variations in the body-core temperature on the intraocular temperature distribution are also examined.
Existing eye models
One of the first models of the eye to appear in the literature was that given by AI-Badwaihy and Youssef (1976) . They presented a simple heat transport model to examine the thermal effects of microwave radiation on the human eye. This model permitted an analytical method of solution for the steady-state temperature distribution. The disadvantage of this model was that to obtain an analytic solution the microwave field was assumed to decay exponentially along the axis of the eye, and the geometry and structure of the eye had to be supposed to be very simple.
In particular, the eye was taken to be a spherical structure composed of a single uniform tissue. The thermal conductivity of this tissue was estimated by averaging the thermal conductivities of the various ocular tissues. The model provided some insight into the steady-state temperature distribution in the human eye when exposed to microwave radiation, but the analytic method of solution did not extend to the calculation of transient (timevarying) temperature distributions. Moreover, the effect of the lens as a thermal barrier in preventing heat flowing between the anterior and posterior regions of the eye was obscured by the averaging of the thermal conductivities. To model the eye and exposure conditions more realistically than in the work by AI-Badwaihy and Youssef a numerical method solution of the differential equations used to describe the heat transport must be adopted. Taflove and Brodwin (1975) in their computation of the intraocular temperatures in a microwave-irradiated human eye were able to obtain transient solutions by using a finite difference method of solution. Again the assumption was made that the eye is homogeneous; the eye tissue parameters were assigned the appropriate values for water. As a result the effects of the lower thermal conductivity of the lens were lost. The model used by Taflove and Brodwin assumed that the convective heat transfer parameter used to describe the heat lost from the eye was constant over the entire surface of the eyeball; the heat loss from the cornea to the surrounding room was not distinguished from that lost across the sclera to the body core. Consequently the model did not take into account the ambient temperature, the body-core temperature, or the rate of evaporation from the anterior corneal surface.
In the present study it will be seen that each of these factors has a significant effect dn the temperature distribution in the human eye. In calculating transient temperatures Taflove and Brodwin took the initial temperature in the eye at time t = 0 to be a uniform 37 "C. This is an incorrect assumption and, since the transient solution of a time-dependent heat transport equation is dependent on the initial temperature distribution, there are errors in their calculated transient temperature profiles for the microwave-irradiated eye.
A more sophisticated model than that used by Taflove and Brodwin was presented by Emery et a1 (1975) . This model was of the rabbit eye and employed a finite element method of solution. The iris and ciliary body were taken to form part of the boundary of the domain. The model was used to calculate the initial temperature distribution in the normal unexposed rabbit eye and the temperature rises induced by exposure to microwave radiation. The model was not transposed to the human eye.
Recently, mathematical models of human and rabbit eyes have been presented by Lagendijk (1982) . In these models a simple explicit forward-difference heat balance technique was used. Both transient and steady-state calculations were performed. The use of an explicit method results in stability and hence convergence criteria imposing a restriction on the step size permitted in the time integration, with the maximum time step being directly related to the fineness of the finite difference (spatial) mesh. The finite difference method in general has more problems than the finite element method in accommodating the shapes of different materials within a complicated structure such as the eye. The grid used by Lagendijk can only crudely approximate the shape of the lens and the other eye structures. This approximation could be improved by a refinement of the grid, but this in turn would impose further restrictions on the maximum time step allowed. Alternatively, an implicit backward-difference or alternating-direction method could be employed. This would significantly increase the computational costs but remove the stability restriction on the time stepping data.
In the following sections a model of the human eye which employs finite elements in space combined with finite differences in time is presented. The maximum time step is only restricted by considerations of precision. The finite element mesh allows a precise representation of the ocular structures, and may be adjusted if necessary for each individual eye under examination.
The mathematical model
Simplifying assumptions concerning the geometry and structure of the eye must be made in order to model heat transport in the eye mathematically. A schematic cross section of the eye is given in figure 1. For the purpose of the model the eye is divided into six regions, namely cornea, aqueous humour, lens, iris, ciliary body and vitreous humour. Each region is assumed to be homogeneous. The eye is assumed to be symmetric about the pupillary axis. It is then convenient to formulate the problem in cylindrical coordinates ( r , 0, z ) , with the z axis constituting the pupillary axis. Provided all coefficients are independent of 0, the unknown temperature T is a function of ( r , z ) only, and the assumption of symmetry about the pupillary axis thus allows the problem to be reduced to one of two space dimensions.
The eye's cooling mechanisms are assumed to be located at the surface of the eyeball. Heat is lost from the anterior corneal surface exposed to the surrounding air by evaporation, convection and radiation. Over the remaining part of the eyeball cooling (or heating in the unexposed eye) is accomplished by means of the high blood flow in the sclera/choroid/retina region. The part of the blood flow that goes to the ciliary body and iris is included in the choroid (including sclera and retina) blood flow since this blood enters and leaves the eye through the choroid.
The slow replenishment and natural convection of the aqueous humour is assumed to have a negligible effect on heat transfer (Emery et al 1975 , Kramar et al 1978 .
With the above assumptions the governing differential equation for the temperature distribution is the bioheat transfer equation
(the interior of the eyeball ( t > 0)), with boundary conditions k dT/an = 0 on r, (the pupillary axis)
on r3 (the anterior corneal surface).
The initial temperature distribution is found by solving the steady-state heat transfer equation
subject to the boundary conditions (3.2)-(3.4) (with t = 0). In equations (3.1)-(3.5) the following notation has been used. T, unknown temperature (K); k, thermal conductivity (W m" "C"); c, specific heat capacity ( J kg" "C-'); p, density (kg m-'); t, time ( S -' ) ; E, evaporation rate (W m-2); Tamb, ambient temperature (K); Tbl, blood temperature (K); h,, convective heat transfer coefficient from the sclera to the body core (W m-2 OC-'); h,, convective heat transfer coefficient from the cornea to the surroundings (W m-' "C); n, unit outward normal (m); a, Stefan constant ( a = 5.6697 X lo-' W m-' K-4); E, emissivity of corneal surface; H, heat source (W mP3).
Note that the aim of this paper is to consider only the normal temperature distribution in the unexposed human eye. Consequently in this paper the heat source is H = 0. For the unexposed eye the temperature distribution will be constant with time so that only the steady-state temperature needs to be considered. However, it will be necessary to solve both for transient and steady-state solutions when the eye is exposed to infrared radiation. As a result the finite element method for the transient and steady-state solutions is given in the next section.
For the normal unexposed eye the effects of factors such as blinking and eyelid closure are not included in the model; these parameters will be of importance in calculating the heat source term H when considering the thermal effects of exposure to infrared radiation.
The numerical method
To solve equations (3.1)-(3.5) numerically a finite element discretisation in space combined with a finite difference method in time is employed. The domain R is divided into discrete parts (the finite elements) and the unknown function T is approximated by where n is the total number of nodes, {N,} are the global shape functions and { T,( t ) } are the time-dependent nodal parameters.
In the Galerkin weighted residual method the T , ( t ) are determined to satisfy the n equations Substituting into (4.2) the Galerkin equations become
Using the approximation (4.1) in (4.3), employing Green's theorem and then interchanging the order of summation and integration yields the system of ordinary differential equations:
in which ( T ) , = 7 ; ( t ) , i = l ( l ) n , and
By also applying the finite element method to equation (3.5) the initial temperature distribution is found by solving the system of equations
where the entries of K , K,( T ) and f are given by (4.6), (4.7) and (4.8), respectively.
The system of ordinary differential equations (4.4) may be solved numerically using the one-parameter family of methods given by
M [ ( T n + , -T n ) / A t ] +~K T , + , + ( l -~) K T n + K , ( T n + , ) = ( Y ( f n + l + q n + l ) + ( l -( Y ) ( f + q n )
n = 0 , 1 , 2 , . . . Here T,, denotes an approximation to T ( n A t ) ; fn, qn are defined similarly, with qo = 0. The starting value To is the solution of the solution of the system (4.10). The parameter (Y belongs to the interval [0, l] .
It can be shown (Hughes 1977 ) that if (Y 2 is chosen then the scheme (4.11) is unconditionally stable. This implies that stability and convergence criteria do not impose any restriction on the maximum permissible step size At; A t will only be limited by accuracy considerations.
Note that the equations (4.10) and (4.11) are non-linear. The equations may be linearised by approximating the radiation heat transfer from the corneal surface by a convection boundary condition. The radiation heat transfer coefficient is defined as
and for the range of tissue temperatures 30-45 "C and normal room temperatures h, is approximately equal to 6 W m-* "C". Using this approximation significantly reduces the computational effort required at each time step.
The control parameters
There is a lack of reliable data available on the parameters required in the model (3.1)-(3.4) of the human eye. Most of the data reported in the literature were obtained from animal experiments, in particular, from experiments on rabbits and monkeys, and must be extrapolated to the human case; this will clearly involve uncertainties. In this section the control parameters that are employed in the model are discussed.
Dimensions of the eye
The dimensions of the human eye are taken from Charles and Brown (1975) . The scale diagram given by Charles and Brown is for the unaccommodated eye of a normal adult and was used to produce figure 2. The pupillary axial diameter of the human eye is 25.4 mm. The contour of the lens is given by the bold solid outline and the shaded area is the approximated iris and ciliary body. If necessary the dimensions of the model eye can be adjusted for each individual eye under consideration. This may be necessary to take into account the variation in the lens thickness with age.
Physical properties of the eye media
Values of the thermal conductivity k, the specific heat capacity c and the density p are required for each of the six regions of the eye; these parameters are assumed constant within each region. Lagendijk (1982) using a technique of fitting calculated temperature distributions for rabbit eyes to corresponding experimental data.
Evaporation rate
Using the data given by Adler (1970) that 0.5-1.25 g of tears are secreted over a 16 h period, with 25% lost by evaporation, the evaporation rate E is calculated to lie in the approximate range 40-100 W mP2. The lowest value E = 40 W ,-*yields the highest temperatures in the eye and is employed as the control value.
Convective heat transfer coeficients
The value h, of the convective heat transfer coefficient from the anterior surface of the eyeball to the surrounding room temperature is taken to be h, = 10 W m-' 'C". This value was proposed by Emery et a1 (1975) 1978) ; no other value for h, appears in the literature.
It is interesting to observe that Lagendijk (1982) combined the evaporation, radiation and convection heat transfer on the anterior surface of the cornea to give a combined heat transfer coefficient where
~= E / ( T -T , , , ) + h , + h , . (5.1)
Lagendijk estimated h' by fitting the calculated temperature distribution to the measured temperature distribution and obtained h" = 20(*2) W m-' "C". This agrees with the value for i that is obtained for normal tissue and room temperatures by substituting into equation (5.1) the control evaporation rate E, the control convective heat transfer coefficient h, and the approximate radiation heat transfer coefficient h, = 6 W m-* "C".
The convective heat transfer coefficient h, from the sclera to surrounding body-core temperature is assigned the control value h, = 65 W m-* 'C" (Lagendijk 1982) .
Other parameters
It is assumed that the brain temperature is related to the body-core temperature, which is taken to be 37 "C. The control ambient temperature is 20 "C. The emissivity of the anterior surface of the eyeball is taken to be E = 0.975; this assumes that the cornea reflects 2.5% of the radiation incident upon it (Hartridge and Hill 1915 , see also Mapstone 1968).
Results using control parameters
In the finite element method the accuracy of the computed results is determined by the coarseness of the finite element grid. In general, the finer the grid the more accurate the results but the greater the computation time. A grid of four-noded isoparametric quadrilateral elements with a total of 496 nodes was employed, as illustrated in figure  2 . A check on the results was made using a heat balance. In the steady state the total heat lost across the boundaries should be equal to the heat generated within the eye, which for the normal unexposed eye is zero. In addition the program was checked using a series of test problems for which analytic results were known; good agreement was observed between analytic and computed results. The steady-state temperatures calculated using the control parameter values along the axis of symmetry are plotted in figure 3. The axis of symmetry was chosen as it is away from the cooling mechanisms and the highest temperatures are expected to occur along it; this expectation was confirmed by the computed results. There and throughout the remainder of the paper, temperatures are given in "C. In figure 4 the isothermal contours in the normal human eye are plotted.
It is observed that the temperature rises steeply through the cornea, aqueous humour and lens, and then levels off through the vitreous humour. The lower thermal conductivity of the lens compared with the surrounding media means that the lens prevents significant heat flow from the posterior to the anterior regions of the eye.
Sensitivity analysis
In this section the effects of perturbations in the control parameters given in 9 5 are discussed. The aim is to determine the extent to which the temperature distribution is sensitive to different parameters; further data on these parameters for human eyes are required if confidence is to be placed in the calculated results. Values of the parameters which have been proposed in the literature but which were not assigned as control parameters are considered.
Tables 2-8 display the results of the sensitivity analysis; the points A, B, C, D are the intersection of the anterior corneal surface with the axis of symmetry, a point on the germinative zone, the posterior pole of the lens and the intersection of the retina surface with the axis of symmetry, respectively (see figure 2 ) .
When varying a control parameter all other parameters are assigned their control values unless otherwise stated.
Efect of thermal conductivity
The water content of the eye lens decreases with age resulting in a decrease in its thermal conductivity, which is likely to have some effect on the temperature distribution within the eye. Values of the thermal conductivity of the lens which appear in the literature are k = 0.21 (Emery et al 1975) and k = 0.544 W m-' 'C-' (Neelakantaswamy and Ramakrishnan 1979) . Results for k = 0.21, 0.30, 0.544 W m" 'C" and the control value, k = 0.40 W m-' "C-', are given in table 2. Table 2 . The effect of the thermal conductivity of the lens on the temperature distribution within the eye. Increasing the values of the thermal conductivities of the aqueous humour, cornea, iris and ciliary body to those of water was found to have little effect on the temperatures; the maximum change in the temperature was 0.05 "C, which occurred on the mid-corneal surface.
Efect of evaporation
The precorneal tear film is thought to be a three-layered structure. On the surface of the corneal epithelium is a thin mucoid layer; a thick aqueous layer which covers the epithelium is covered by an extremely thin oily layer produced by the Meibomian glands (Iwata et a1 1969) . The oily layer has been shown to retard evaporation from the eye. Values of the rate of evaporation in a normal eye range from 2.8 (Mishima and Maurice 1961) to 14.7 mg h-' cm-' (Adler 1970) , from which E is calculated to lie in the approximate range 20-100 W m-'. When the oil layer of the tear film is destroyed the evaporation rate may increase to 47 mg h" cm", which gives E = 320 W m-2 (Mishima and Maurice 1961) .
Four cases are considered: the control E = 40 W m-*, the minimum and maximum recorded values for a normal eye ( E = 20 and E = 100 W m-*) and the value corresponding to the oil layer having been destroyed ( E = 320 W m-2). Results are presented in table 3. The evaporation rate is observed to be a significant factor governing the temperature distribution in the anterior regions of the eye.
Efect of blood flow in choroid
A discussion of the uncertainty in the convective heat transfer coefficient h, from the sclera to the body core is given by Lagendijk (1982) . The coefficient h, is strongly dependent on the blood flow through the eye. If it is assumed that the blood enters the eye at body-core temperature and exits at the choroidal temperature, the heat flow heat flow per surface unit of the choroid is given by
where m is the blood-flow rate in kg S" per eye, cbl is the specific heat capacity of blood, A is the total area of the choroid (including the retina and sclera) and Tbl, T, are the temperatures of the blood and retina, respectively. This heat flow may be described by the heat transfer coefficient h, where h, = q / ( Tbl -T,) = m C b l / A . Data for blood flow rates in rabbit and monkey eyes are given in O'Day et a1 (1971) . Using these data Lagendijk (1982) derives an estimate h, = 110 W m-' 'C". This is considerably higher than the control value h, = 65 W m-' ' C" which Lagendijk found by experimentation on rabbits. The difference is probably due to the simplifying assumptions that are made regarding the blood flow in the eye. To assess the importance of the value of the coefficient h,, and hence how significant the simplifying assumptions are, the values h, = 65, 90, 110 W m-2 'C" are employed (table 4) .
For the unexposed eye the temperature distribution in the vitreous humour is seen to be little affected by the heat transfer coefficient h, but is governed more by the blood temperature (see 7.6). By contrast, the irradiated eye must transfer the energy absorbed in the vitreous humour, and the temperature within the vitreous humour is determined by both the blood temperature and the blood-flow rate. Thus knowledge of the value of the parameter h, is likely to be of greater importance for the irradiated eye than for the unexposed eye.
Efect of convection from cornea
The only value for the convective heat transfer coefficient h, from the cornea to the surrounding room given in the literature is that used by Emery et a1 (1975) for rabbits, i.e. h, = 10 W m-* 'C". This value is taken as the control value. In addition, a reduced rate of 8 W m-' 'C" and increased rates of 12 and 15 W m-* 'C" are considered (table 5 ) . Table 5 . The effect of the convective heat transfer coefficient from the cornea to the surrounding room on the temperature distribution within the eye. 
Efect of ambient temperature
Heat loss from the corneal surface depends on the temperature difference between the eye tissue and the surrounding air. The temperature in an industrial environment will in general be higher than the control value of 20 "C. It is therefore of interest to investigate the effect of the ambient temperature on the temperature levels within the eye. Three cases are considered: the control value of 20 "C, and increased values of 25 and 30 "C. The results are presented in table 6. The ambient temperature is seen to have a marked effect on the temperatures in the anterior regions but to have almost no direct effect on the retinal temperature.
Efect of blood temperature
The blood flow in the choroid acts as the major source of heat for the unexposed eye (and a primary source of cooling for the irradiated eye). Consequently the blood temperature significantly affects the temperature throughout the eye. The physiological response of workmen in hot environments depends on the kind of work performed. For instance, the rectal temperature of a fit young adult performing light work (e.g., bench work) is around 37.7 "C. For moderate work (e.g., pushing and lifting) a rectal temperature of 38 "C has been suggested, and this may increase to 38.3 "C for heavy work (e.g., pick and shovel work). The descriptions of glass-working practices at the beginning of this century suggest that the work undertaken was moderate/heavy and a body-core temperature of between 38 and 38.5 "C would appear to be reasonable. In addition to the control case (37 "C), three values for the blood temperature are employed: 37.7, 38 and 38.5 "C. Results are given in table 7.
Extreme cases
At prescribed ambient and blood temperatures the possible range of parameters used in the model may be assessed by taking the worst combination of the extreme values of the parameters. Assuming that the oily layer of the tear film is not destroyed and that h, = 10 W m-' "C", the lowest temperatures in the anterior regions of the eye are calculated using h, = 65 W m-' "C", E = 100 W m-2 and k(1ens) is most sensitive to perturbations in the control parameters, and this sensitivity decreases steadily towards the retina. The difference between the temperatures obtained using the control parameters and the mean temperatures is less than 0.25 "C. This confirms the choice of control parameters.
A major difficulty in justifying the choice of any set of control parameters is the lack of experimental data in the ophthalmic literature on the temperatures within the human eye. For an unexposed human eye mean corneal temperatures ranging from 32.06 to 34.8 "C have been recorded Leighton 1965, Mapstone 1968) . The caluclated temperatures on the cornea obtained using the extreme parameter combinations lie well within this range.
Deficiencies of the model
It is recognised that there are certain deficiencies in the thermal model of the eye that has been presented in this study. For example, the model has not taken into account the separate blood flow in the iris and ciliary body; blood flow has been assumed only in the sclera/choroid/retina region. There is a lack of data available on the blood flow rates within the iris and ciliary body, and the way in which the blood flow in these structures should be incorporated into the model is not at present fully understood. Lagendijk (1984) discusses some of the disadvantages and errors associated with the standard technique of incorporating blood flow in tissues into biological thermal models by including in the bioheat transfer equation a heat sink term which assumes blood enters the tissue at body-core temperature and leaves at local tissue temperature. In addition the current model has not taken into consideration the complex structure of the discrete blood vessels within the sclera. Again the uncertainty in the blood flow rates in the vessels together with the lack of knowledge of the heat flux from the vessel wall to the blood make it impossible at present to develop a model to incorporate these refinements.
The model has not been validated by experiments on humans. The impossibility of conducting experiments on human eyes makes a reliable mathematical model of heat transport in the eye essential. To this end this study has assessed the importance of the uncertainties that exist in the parameters required in any model of the human eye.
Concluding discussion
A finite element model of heat transport in the human eye has been developed and employed to calculate the steady-state temperature distribution in a normal human eye. This is the first stage in a study to calculate the steady-state and transient temperature distributions in the human eye when exposed to infrared radiation. The importance of obtaining reliable values for the temperature distribution in the normal human eye is that these values can be used as a set of reference temperatures with which the temperatures in an irradiated human eye can be compared. Other applications where a set of reference temperatures for the normal human eye are required include the temperature rises due to microwave radiation and the effects of eyelid closure and wind.
The main difficulty in obtaining reliable results is the lack of knowledge of the values of some of the parameters in the mathematical model. To assess the effects of uncertainties in the parameter values on the computed results a sensitivity analysis has been performed. It was found that perturbations in the thermal conductivity of the lens and in the choroidal blood flow rate lead to significant changes in the temperature in the anterior regions. A further problem is that the evaporation rate is never uniquely defined but has a considerable cooling effect, even on the normal eye. In addition, the temperature distribution was observed to be sensitive to variations in the ambient temperature and the blood temperature. Consequently, when considering the effects of infrared radiation on the intraocular temperature distribution of workers in an industrial environment it is important to have an accurate knowledge of the ambient factory temperature and an estimate of the workers' blood temperature.
Resume
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